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Abstract
In this paper we show how the equations of motion of a superfield, which makes its appearance in a path-integral
approach to classical mechanics, can be derived without the need of the least-action principle.
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1. Introduction
In the 30’s Koopman and von Neumann (KvN) gave
an operatorial approach to classical mechanics (C.M.)
[1]. In the late 80’s a functional (path-integral) coun-
terpart of the KvN was proposed [2]. To distinguish
this path-integral from the quantum one we will use the
acronym CPI (classical path-integral) for the first and
QPI for the second. The difference is that while the QPI
gives a weight exp
(
i
~
S [q(t)]
)
to every path, the CPI
gives weight one to the classical paths and weight zero
to the others.
Indicating with ϕa the points in phase space
ϕa = (q1, . . . , qn; p1, . . . , pn)
and with H(ϕa) the Hamiltonian, the eqs. of motion are:
ϕ˙a = ωab
∂H
∂ϕb
, (1)
where ωab is the symplectic matrix [3]. The CPI has a
generating functional of the form:
Z[0] =
∫
Dϕa ˜δ
[
ϕa − φacl(φ0, t0; t)
]
(2)
where φa
cl(φ0, t0; t) are the solutions of the eq. of motion
(1) with some initial condition φ0. The integration Dϕa
is the functional integration, including an integration
overall possible initial configurations ϕa0. The ˜δ[. . . ] is a
functional Dirac-delta which gives weight ”one” to the
classical solutions and ”zero” to all the others. We can
rewrite (2) as
Z[0] =
∫
Dϕa ˜δ
[
ϕa − φacl(φ0, t0; t)
]
= (3)
=
∫
Dϕa δ
[
ϕ˙a − ωab
∂H
∂ϕb
]
det
(
δab ∂t − ω
al ∂
2H
∂ϕlϕb
)
.
Let us perform a Fourier transform of the Dirac delta ap-
pearing in (3) introducing 2n extra variables λa and let
us exponentiate the determinant using a set of 4n Grass-
mann variables ca and c¯a (with a = 1, . . . , 2n). The final
result is the following:
Z[0] =
∫
DϕaDλaDc
aDc¯a exp
[
i
∫
dt ˜L
]
(4)
where
˜L = λa ϕ˙
a + ic¯a c˙a − λa ωab∂bH − ic¯aωad∂d∂bH cb. (5)
In this formulation of C.M. we passed from 2n vari-
ables ϕa to 8n ones which are (ϕa, λa, ca, c¯a) and from
the standard lagrangian of C.M.
L =
1
2
ϕ˙aωabϕ
b − H(ϕa) (6)
to the complicated ˜L of eq.(5). Actually it is easy to
simplify the formulation contained in (4) and (5) and it
was done in [2] and [4]. The trick is to introduce two
grassmaniann partners of time, which we will indicate
with θ, ¯θ. Next let us define the following functions of
t, θ, ¯θ:
Φa(t, θ, ¯θ) ≡ ϕa(t) + θ ca(t) + ¯θ ωab c¯b(t) + i ¯θθ ωabλb(t).
(7)
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This is a sort of multiplet which put together all the 8n
variables (ϕa, λa, ca, c¯a) and it is known in supersym-
metric jargon as ”superfield”. It is easy to prove that:
˜L(ϕ, λ, c, c¯) = i
∫
dθ d ¯θ L [Φ] + (s.t.) ,
where ˜L is the lagrangian in (5) while L is the la-
grangian in (6) but with the superfield Φa replacing ϕa
and (s.t.) is a surface term. The generating functional
(4) can then be written as
Z[0] =
∫
DΦ exp
[
i
∫
i dθ d ¯θ L[Φ]
]
, (8)
which strongly resembles the one of the QPI. For more
details see ref.[4].
2. Equation of motion
In ref.[2] and [4] we wrote that the equations of mo-
tion for the 8n variables could be derived from ˜L of
eq.(5) or, via the superfield, from L[Φa]. We some-
how assumed a least-action principle for the lagrangians
˜L(ϕ, λ, c, c¯) or L [Φ]. In this paper we will show that
there is actually no reason to assume this principle
which usually holds only for L[ϕa] and provides the
correct equation for only ϕa. Using this principle for
˜L(ϕ, λ, c, c¯) we got the eqs. of motion not only for ϕa
but also for λa, ca, c¯a. They are:
ϕ˙a − ωab∂bH = 0 (9)
c˙a − ωab∂b∂kH ck = 0
˙c¯a + ω
ed∂a∂dHc¯e = 0
˙λb + ω
ed∂b∂dHλe + iω f e∂b∂d∂eH c¯ f cd = 0.
While the eqs. we got for ϕa are the correct ones, no one
can guarantee that this is the case for ca, c¯a, λa. These
equations should be derived using only the path-integral
(CPI) and then compared with those obtained from the
least action principle. After all we have only the path-
integral as a tool and we should only use that. The
reader may think, like it is done in the QPI, that in the
path-integral one could use a saddle point technique to
get the eqs. of motion. This can actually be done in the
QPI where we have a small-parameter, ~, which could
justify the saddle point technique but there is no small
parameter in the CPI so we cannot use this method. The
tools we have in the CPI are only two: 1) the possibility
to perform explicitly some integration and 2) the sym-
metries of ˜L which we discovered in [2] and which re-
semble the BRS and anti-BRS transformations of gauge
theories. The integration that we can do explicitly in (4)
are those in λa and c¯a. If we perform them we obtain:
Z[0] =
∫
DϕDc ˜δ
[
ϕ˙a − ωab
∂H
∂ϕb
]
˜δ
[
c˙a − ωak
∂2H
∂ϕk∂ϕb
cb
]
.
(10)
From this we see that our path-integral forces the paths
in ϕa and ca to be only those which satisfy the eqs.
ϕ˙a − ωab
∂H
∂ϕb
= 0 (11)
c˙a − ωak
∂2H
∂ϕk∂ϕb
cb = 0. (12)
These are the first two eqs. of the set represented in (9).
How do we get the last two eqs. for c¯a and λa?
3. Ward Identities
˜L has some BRS and anti-BRS like invariances [2]
which have the form:
BRS:

δϕa = ǫ ca
δc¯a = i ǫ λa
δca = δλa = 0
anti-BRS:

¯δϕa = −iǫ¯ ωab c¯b
¯δca = i ǫ¯ ωab λb
¯δ c¯a = ¯δλa = 0
(13)
with ǫ, ǫ¯ anti commuting parameters. In a path-integral
the symmetries can be used to derive what are called
the Ward identities. These are derived in the following
manner: let us take an arbitrary quantity O(ϕ, c, c¯, λ) and
let us do a symmetry variation of it: δO(ϕ, c, c¯, λ). It is
easy to prove that
〈δO〉 = 0
where 〈. . . 〉 means an average performed via Z[0]. The
proof of the relation above can be found in any book on
field theory. Let us choose for O the following quantity
O ≡ ϕ˙a − ωab∂bH
and as symmetry variation the anti-BRS of eq. (13). We
get as Ward identity:
〈δO〉 ≡= 〈δϕ˙a − ωab∂b∂dH ¯δϕd〉 =
= −ǫ¯ ωab 〈 [˙c¯b + ∂b∂dH ωed c¯e]〉 = 0,
which implies
〈 [˙c¯b + ∂b∂dH ωed c¯e]〉 = 0. (14)
If we now use as a path integral over which to perform
the average in (14) the expression (10), which does not
2
depend on c¯, this variable can be pulled out of the path-
integral, while the ϕ entering (14) will sit on the clas-
sical trajectory as required by (10). Doing this we get
from (14) exactly the equation of motion of c¯:
˙c¯b + ∂b∂dH ωed c¯e = 0.
This is the manner to get the eq. of motion for c¯ via our
path-integral.
The last equation in (9) that we have to derive is the
one for λ . We will get also this one via Ward-identities.
Let us choose as O the quantity:
O ≡ c˙a − ωab ∂b∂kH ck
and let us build the 〈δO〉 where the variation we use is
the anti-BRS of (13)
〈δO〉 =
〈[
¯δc˙a − ωab∂b∂d(δH) cd − ωab(∂b∂dH)¯δcd
]〉
= −i ǫ ωab
〈
˙λb + i ∂b∂d∂eH ω f ec¯ f cd+
+∂b∂dH ωed λe
〉
= 0. (15)
As before let us choose as generating functional the one
in (10). As this one does not depend on λ, c¯, these
variables in (15) can be pulled out of the average 〈. . . 〉,
while the ϕ, c will be forced on their classical trajectory
by (10). The result is:
˙λb + i ∂b∂d∂eH ω f ec¯ f cd + ∂b∂dH ωed λe = 0,
which is the equation of motion for λ appearing in (9).
What we have done confirms that we do not need to
use any least action principle to get the full set of the 8n
eqs. of motion but just our path-integral (CPI) and its
symmetries.
4. Equations of motion of the superfields
The eqs. of motion (9) which we found are equivalent
to the following superfield eqs:
˙Φa = ωab
∂H(Φ)
∂Φb
(16)
In fact expanding both sides of (16) in θ, ¯θ we get:
ϕ˙ − ωab∂bH + θ
[
c˙a − ωab
∂2H
∂ϕb∂ϕk
ck
]
+ (17)
+ ¯θ ωab
[
˙c¯b + ∂b∂dH ωed c¯e
]
+ i ¯θθ
[
˙λb + i ∂b∂e∂lH ω f ec¯ f cd + ∂b∂dH ωed λe
]
= 0
and for this to be zero each coefficient of I, θ, ¯θθ must
be zero. These coefficients are exactly the eqs. of mo-
tion appearing in (9). So eq.(16) is a compact way to
rewrite the full set of eq.(9). By looking at (16) the
reader may think it was derived via a least action princi-
ple from the generating functional appearing in (8) but
there is no reason to use the least action principle in that
path-integral. We derive the eqs.(9) as we have done be-
fore by using only our path-integral and its symmetries
and then we sum up all the eqs.(9) like it is done in (17)
via the I, θ, ¯θ, ¯θθ. This sum is zero because each term is
zero and this sum is exactly the superfield eq.(16). So
we conclude that also for the superfield eq.(16) we do
not need any least action principle despite their strong
resemblance to the Hamilton eq. for ϕa.
5. Conclusions
In this paper we have derived the eqs. of motion of
all the 8 n fields (ϕa, ca, c¯a, λa) appearing in the CPI.
We have done so without using neither the least action
principle, which has no reason to be in a path-integral
formalism, nor the saddle point technique that has
no reason to be because we do not have any small
parameter in classical mechanics. These 8n equations
can be summed up into 2n compact equations for the
superfield Φa. The evolution of these super fields is
identical to the Hamilton eqs. for ϕa but, differently
than these, they do not need any least action principle
to be derived from. The only tools that we used, and
that are allowed in our formalism, are the classical
path-integral and its associated symmetries.
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